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Abstract 

We propose Sp (8, M) and 50(9, M) as dynamical groups for closed quantum 
systems. Restricting here to 5p(8,M), the quantum theory is constructed and 
investigated. The functional Mellin transform plays a prominent role in dehning 
the quantum theory as it provides a bridge between the quantum algebra of 
observables and the algebra of operators on Hilbert spaces furnishing unitary 
representations that are induced from a distinguished parabolic subgroup of 
Sp (8, M). As well, the parabolic subgroup furnishes a fiber bundle construction 
that models what can be described as a matrix quantum gauge theory. The 
formulation is strictly quantum mechanics: no a priori space-time is assumed 
and the only geometrical input comes from the group manifold. But, what 
appears on the surface to be a fairly simple model, turns out to have a capacious 
structure suggesting some surprising physical interpretations. 


1 Introduction 

1.1 Motivation 

The program of quantization in quantum mechanics (QM) is usually approached from 
the bottom up. That is, physical considerations identify a classical phase space — 
whose points represent classical states — and suitable functions on that phase space. 
Then one attempts to promote: (i) the classical states to a suitable Hilbert space, 
and (ii) the phase space functions to suitable operators on that Hilbert space. 

The obvious alternative is a top-down approach. Here the goal is to construct, 
either algebraically or functionally, a C'*-algebra and an associated Hilbert space. Of 
course, the key is to somehow find the correct formulation ‘up stairs’, since generally 
it doesn’t correspond one-to-one with the ‘down stairs’ classical theory. 

Our tack in this paper is a top-down approach that mingles both functional and 
algebraic constructs. The idea is to model the 0*-algebra 21 that characterizes a 
quantum system by a 0*-algebra of integrable functionals F(G^) 3 F : G'^ -3 Lb{H) 
where: is the complexihcation of a generically non-compact topological group 

isomorphic to the group of units of 21, the Hilbert space 'H furnishes a direct sum of 
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all relevant unitary irreducible representations of G®', and Lb{'H) is the G*-algebra of 
linear bounded operators on "H. The two G*-algebras F(G‘'^) and LsiT-i) are dual to 
each other via the functional Mellin transform (to be explained later), and F G F(G®') 
is said to be integrable if the associated functional integral is well-dehned (also to be 
explained later). 

This approach allows to view the main task of quantization as a choice of some 
topological group G. The topological group simultaneously generates: (i) the Hilbert 
space of states, (ii) the G*-algebra of integrable functionals, and (hi) the evolution 
dynamics. [1] 

It is important to emphasize that G is typically non-compact. Insofar as a quan¬ 
tum system must be quantihed through observation/measurement, G must therefore 
be inferred from homomorphic locally compact topological groups. The idea is that 
observation of a quantum system leads to a continuous homomorphism A : G —?• G\ 
with G\ a locally compact topological group. Consequently, G is indirectly identihed 
with an entire family Ga := {Ga , A G A} where the set A characterizes all possible 
‘localizations’ A : G —)■ G\ of a given system^ These ‘localizations’ embody the Born 
rule by reducing pertinent functional integrals to bona hde integrals. 

Given its signihcant responsibility, one would expect a judicious choice of G\ 
would lead to interesting and relevant physics if the functional approach is indeed 
valid. So the obvious next step in the program initiated in [I] is to determine or 
otherwise guess G\ and then study the resulting QM. 

We hrst give a brief motivation regarding our guess for G\. Begin with the sim¬ 
ple idea that dynamical interactions can be modeled by correlations among a set of 
‘constituentsH. Consider a physical quantum system composed of N constituents. At 
a purely formal level, an analysis of the correlations representing interactions among 
N constituents leads to the identihcation of U{N) as an organizing group. Under 
various circumstances, certain correlations will dominate others, and this will induce 
sub-organizations in U{N) referred to as subduction. Evidently this subduction will 
continue to be driven by dynamics until some (quasi)equilibrium organizing group, 
which we will call the dynamical group, is achieved that describes the system corre¬ 
lations. A few moments reflection on the subduction of U{N) into its relevant sub¬ 
group chains (along with some liberal hand-waving) leads to just two parent groups 
that seem to be viable candidates for a quantum dynamical group — Sp {2n, M) and 
SO{2n -|- 1,M) — depending on odd or even permutation symmetry. Presumably, 
parameter n represents surviving constituents (degrees of freedom) that encode the 
correlations between the original N constituents. 

Although it is likely that S'0(2?7,,M), SO{2n + 1,M) and S'p(2n,M) are viable 
dynamical groups for some interesting physical systems (especially for n < 4), it is 
our contention that Sp{8,M.) and 50(9, M) are the most relevant for the majority of 

^We are skipping a good deal of detail and explanation here that can be found in [1] and [2]. 

^By ‘constituents’ we mean excitations of a quantum system that are (quasi)stationary in time 
during an evolution. 
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physical observation at typical terrestrial energy densities. Our hand-waving motiva¬ 
tion aside, we therefore postulate that S'p(8,M) and S'0(9,M) are dynamical groups 
that govern (some) quantum systemsH 

To keep the exposition manageable, we will restrict attention to Sp{8,M.) in this 
paper and investigate only symplectic quantum mechanics (SQM). Whether or not 
Sp (8, M) describes realistic quantum systems and reduces to realistic classical systems 
is of course paramount. We will present evidence and argue that it does, but obviously 
the issue cannot be settled in a single paper. 

1.2 The symplectic case 

Symplectic symmetry is no stranger to classical mechanics, and the suspicion that 
symplectic groups have importance as dynamical groups for quantum mechanic^ has 
been around for a long time — for obvious reasons based on the correspondence 
principle and the close relationship between the symplectic and Heisenberg groups 
(see e.g. 0). Many of these works rely on the discrete series representation of 
S'p(2n, M). This has advantages and disadvantages: It allows one to use familiar 
methods involving raising and lowering operators on discrete number-type states. On 
the other hand, in some applications the physical interpretation of the discrete states 
is not always manifest. In particular, it is not clear how to interpret the quantum 
numbers of the discrete states for 5*^(8, M). Nevertheless, the idea of symplectic 
dynamical symmetry continues to attract attention and produce reasonable successes; 
most notably perhaps in nuclear physics (see [1] and the references therein) 0 

Having settled on Sp{8,M.) as a dynamical group, the hrst task is to dehne the 
quantum theory. For this we utilize and assume familiarity with [1]. Applying the 
quantization scheme proposed in [1] invokes three key notions: (i) Sp{8, M) contains a 
distinguished parabolic subgroup that determines relevant induced unitary represen¬ 
tations which are then used to construct the quantum Hilbert space, (ii) A C*-algebra 
containing quantum observables is constructed via functional Mellin transforms. To¬ 
gether with the Hilbert space, this provides the kinematic backdrop of the quantum 
theory, and it allows concrete functional integral realizations of interesting quantum 
operators, (iii) Inner automorphisms of the symplectic group induce inner automor¬ 
phisms of the C'*-algebra that yield system dynamics. 

Assuming the quantum theory is well-defined by this construction, we move on to 

^Because of the close connection between Sp{8,M.) and it is tempting to bring them 

together under OSp (9, 8) to incorporate supersymmetry. However, our hunch is that OSp (9, 8) 
is rather like an unstable point in a hypothetical space of dynamical groups, and that observable 
systems only pass through OSp (9,8) under certain evolutions that change the orthogonal/symplectic 
probabilistic character of the system correlations. 

"‘The compact form of the symplectic group shows up in string theory too, but we are restricting 
attention to dynamical groups in the context of simple QM here. 

^Sp{2n,R) has been investigated in the context of quantum optics [S], [5]; but as a symmetry of 
canonical commutation relations not as a dynamical group. 


3 



interpret and explore some physical implications. 

An important attribute of Sp (8, M) is it possesses a parabolic subgroup P with 
dimffi(P) = 26 that contains the maximally compact subgroup U{4) C P. Since 
Sp (8, M) is supposed to be dynamical and the group elements that are not contained 
in P mutually commute, we propose that P can be interpreted as a local gauge group 
responsible for internal forces associated with f/(4) and external forces associated 
with P/f/(4). 

At the Lie algebra level, (3p(8) comprises 36 generators; ten of which mutually 
commute. Of the remaining 26 that generate the parabolic subgroup P, sixteen span 
the algebra it(4)j^ The remaining ten generators of P, in combination with the only 
two involutive inner automorphisms of the algebra, ultimately give rise to ‘expected 
geometry’. More precisely, the ground-state expectation values of the associated oper¬ 
ators characterize the geometry of a complex manifold parametrized by the spectrum 
of the commuting observables associated with the homogenous space Z = Sp (8, M)/P 
(under suitable conditions). 

According to the manifold structure of S'p(8,M), there are hve local domains 
where the maximal torus has signatures (0,4), (1,3), (2,2), (3,1) and (4,0). [7] The 
odd signatures give rise to what may be interpreted as ‘expected space-time’ for 
the configuration space of a certain cotangent bundle. (The physical meaning of 
the even signatures is unclear.) Since the observables associated with Z and P are 
dynamical, the cotangent bundle is likewise. Consequently, space-time is interpreted 
as the ground-state expectation of certain operators in this model, and it is dynamical. 

There is nothing special about this notion of expected geometry: a similar state¬ 
ment could be made regarding the Heisenberg group in standard non-relativistic quan¬ 
tum mechanics. That is, VEVs of the CCR could be interpreted as an ‘expected 
cotangent bundle’ with suitable choice of representation. The difference is that the 
expected geometry of 5^(8, M) leads to a 10-d conhguration space with a P(4) internal 
symmetry. The ten dimensions aside, this difference is signihcant because it mixes 
the conhguration parameters and U (4) charges. We will see later that this means the 
associated operators create/annihilate P(4) charges at different points in Z. This can 
be interpreted as particle creation/annihilation which of course does not happen in 
standard non-relativistic QM. It also means that matter (understood as the presence 
of U (4) charge) and geometry are inseparable at the quantum algebra level. 

The parabolic subgroup plays a second important role: it is the basis of induced 
representations which hnd a natural description in a hber bundle framework. The 
induced representations ultimately form the quantum Hilbert space of states and the 
associated hber bundle geometry gives a coherent stat^ model of state-vectors and 

®The standard notation for these Lie algebras would be sp(8) and u(8). We choose to maintain 
the capitalization of the associated Lie group to more clearly differentiate between the algebra and 
its elements for generic groups. For example, for a group we write g G G and for its algebra g S 0. 

^The term coherent state is a bit imprecise, but we will conform to standard usage. Strictly, for 
us a coherent state is a model of a Hilbert state-vector (as opposed to a projective-Hilbert state) on 
a (sub)manifold of some Lie group. 
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operators. It is in the coherent state formulation where the physical interpretation 
of the theory begins to emerge: one can interpret/identify ground states, matter 
particles, gauge particles, and their associated helds, and exhibit explicit realizations 
of relevant operators]^ With these objects, meaningful transition amplitudes can be 
constructed and interpreted. 

Again, there is nothing special about inducing representations: the same approach 
is used for the non-compact Poincare group. In the case of Poincare, the little group 
and the mutually commuting momentum generators yield spin/helicity and momenta 
labels for state-vectors along with a particle creation/annihilation interpretation; and 
they induce an ‘expected hber bundle’ structure with a momentum base space and 
Lorentz structure group@ The crucial difference brought by S'p(8,M) is the mingling 
of ‘internal’ and ‘external’ symmetries resulting in a dynamical cotangent bundle 
structure. 

Besides providing physical interpretation via a distinguished parabolic structure, 
the symplectic group is supposed to govern system dynamics through inner automor¬ 
phisms. It turns out that the CS model of such dynamics in the Heisenberg picture is 
matrix quantum mechanics — which is known to have a deceptively intricate struc¬ 
ture. For example, it is known that in the adjoint representation the dynamics of the 
ten commuting operators of the Lie algebra approach a membrane theory for large 
systems. The remaining operators that generate the parabolic subgroup represent 
gauge degrees of freedom, and the adjoint representation provides a matrix gauge 
theory interpretation. The gauge theory is not exactly a Yang-Mills gauge theory 
because the parabolic subgroup is non-compact: nevertheless, it possesses unitary in¬ 
duced representations. In fact, the group is contained in the units of the C'*-algebra, 
so it should be possible to formulate the dynamics as t/(4) Yang-Mills on a non- 
commutative phase space. But then one must interpret the physical meaning of the 
cotangent-operatorsl/j 

Because the dynamics is governed by inner automorphisms, evolution transforms 
the parabolic subgroup P according to the adjoint action. In consequence, for non¬ 
trivial dynamics determined by some h{t) G Sp{8,M.), a new more relevant parabolic 
subgroup P = Ad{h{t))P can emerge. Hence, a new non-trivial ground state may 
be associated with the hnal state of an evolution process by a suitable choice of 
representation]^ The catch is that one must somehow relate the original ground state 

^Although indirectly related, the coherent state model of fields and operators are not the same 
fields and operators of a QFT. 

®For Poincare, one can then construct an ‘expected cotangent bundle’ by attaching a static space- 
time to the ‘expected fiber bundle’ base space generated by the momentum operators. Recall that the 
boost generators contain all the dynamics induced by the Hamiltonian operator: the 4-momentum 
and angular-momentum generators are inert. Accordingly, the cotangent bundle is static, and it 
would seem the dynamics associated with boost can be naturally interpreted as inertia. 

^'^Unfortunately, we have only incomplete results that are not ready to report here. 

'^^The notion of a CS model with a non-trivial vacuum is similar in spirit to an effective theory 
of quasi-particles. However there is an important difference: all vacua (along with their associated 
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representation to the non-trivial ground state representation in order to relate and 
interpret the physical properties of the corresponding coherent states. Nevertheless, 
the underlying framework is a quantum theory. It has an adjustable ground state, 
and it applies equally to all resolution scales; micro-, meso-, and macroscopic systems. 

Having proposed interpretations of various objects in the quantum theory, one 
would like to compare with corresponding classical objects. The associated classical 
dynamics is dehned via the correspondence principle, and the classical Poisson bracket 
turns out to be the large-system (i.e. many-particle) limit of the Lie algebra-induced 
bracket on the C'*-algebra. The result is classical Hamiltonian mechanics on a cotan¬ 
gent bundle with a 10-d conhguration space. Six of the dimensions are interpreted 
as directed-area degrees of freedom, and there is no incentive to compactify them. 
Indeed, they appear to have important physical signihcance: they define a volume 
element in a 4-d space, and they may represent vortex-like degrees of freedom. 

One hnal point; S'p(8,M) has discrete series and holomorphic discrete series rep¬ 
resentations. So at the end of the day, one can throw out all the physical motivation 
and interpretation supplied by the parabolic decomposition and its concomitant co¬ 
herent state model and simply refer everything to the discrete series representation(s). 
Presumably, this would constitute a rigorous formulation. 


2 Quantization 

2.1 Representations 

It is appropriate to begin with a review of the structure of the symplectic algebra 
pointing out some of its implications and then to construct unitary representations 
(ureps) that are particularly amenable to physical interpretation. 

2.1.1 Symplectic Lie algebra 

S'p(8,M) is a rank-4 reductive Lie group of dim]R(5'p (8, M)) = 36. The hrst order of 
business is to examine the structure of the adjoint representation to learn what type 
of dynamics it encodes. 

Consider the triangular decomposition of its Lie algebra; 

6p(8) =; 0 = 0_©0o® ©+ (2.1) 

where 

[ 00 , 0o] = 0 

[0+,0_]C0o 

[0±,0o©0±] C 0± . (2.2) 

CS) are related via evolution through Sp{8,R). 


6 



This decomposition is physically relevant, because in the adjoint representation it 
defines charges associated with the symmetry that can be used to characterize states 
if the associated quantum system respects the symmetry. The subalgebra 0o con¬ 
tains neutral states and 0-i- contains charged states associated with ‘particles’ and 
‘anti-particles’. In our case, there are four neutral states and 32 charged states char¬ 
acterized by various combinations of four types of charge. 

To render these brackets more explicit, let Sp denote a Fock space of bosonic 
excitations above some vacuum. Define creation and annihilation operators acting on 
this space by 


Cacl - c\ca = SajS ] = 0 i - CgCa = 0 (2.3) 

where a, (3 G • • • > ±4} and f indicates the conjugate operator. With these oper¬ 
ators, a basis of ©p(8) can be realized as [TO] 



and rearranged as 

Tli 

C 2 . \/2c^ C_2 

^—i • C—2,2 ^2 

^i,j ■— 

(2.5) 

where Uj := cjcj, the indices i,j G {1, • • • ,4}, and i ^ j- This arrangement charac¬ 
terizes the Borel subgroup and its induced coset space with associated subalgebras 
00 ^ spauRlpi}, 0+ ^ spanjj{c 2 , Cij}, and 0_ ~ 01,.. 

The Borel decomposition can be used to build up an associated Fock space of states 
giving rise to the (infinite-dimensional) irreducible discrete series representations of 
S'p(8,M). The states clearly represent excitations due to the action of ©p(8), but the 
physical interpretation of the excitations and their associated charges is unclear. 

Instead, we will choose a parabolic decomposition motivated by the fact that U (4) 
is the maximal compact subgroup and the observation that there are ten mutually 
commuting generators contained in 0_ © 0+. 

Consider 


{ip} := {ili, 4,-i}) 1 < * < j < 4 

{C2j,c^} := {(e2,e2,+j),(el,ci^.)}, l<f<i<4. (2.6) 


7 




The first set generates f7(4), and the set of generators {cij} (resp.{e|j}) mutually 
commute. They satisfy the commutation relations 

^ikUj T ^il^kj T ^jkMi T ^jl^ki 

[hj ) Ifci] ^jk^il ^il^kj 

\}ij j ^kl\ ^jk^il T ^jl^ik 

[hi ’ ^L] ~ ~^ik^^jl ~ ^il^lk 

[<^ij , <^kl] = [4j ) ^L] = 0 • (2-7) 

Let g' : 6p(8) —)■ T(V) be a representation with V a 0-module. The physically 
relevant triangular decomposition of the algebra induces a decomposition of V by 

V = ^V(^), := {v eV : g'{i)i)v = WiV} , ie 4} (2.8) 

W 

where i)i G 0o and w = {tci ,... is a weight in the basis of fundamental weights 
composed of complex eigenvalues Wi G C. It is well-known that a particular V can be 
generated by acting with raising operators g+ G 0+ on a dominant-integral lowest- 
weight vector Vyj_. Call this vector space Vw_ ■ 

Now, there is a distinguished subalgebra of 0: its maximal compact subalge¬ 
bra if(4). Let V(^) C Vw_ denote the submodule generated by il(4) acting on the 
dominant-integral lowest-weight vector Vw_- The submodule V(/i) then furnishes an 
irreducible representation (irrep) of 17(4) where fx = [fxi,..., is a partition based 
on W- that labels the representation. Since W- is a lowest weight, V(^) is an invariant 
subspace with respect to the subalgebra := 0_ Uil(4), i.e. g'(^)V(^) C V(^) where 
g' is a restricted representation of g'. From this, one constructs reps of ^ based on 
lowest-weight irreps of 17(4) and labeled by partitions [fxi,..., fX 4 \. 

Remark 2.1 To get a glimpse of the physical content of this decomposition, combine 
the set {tij,ejj} according to q* := l/2(ei -|- e|) and := l/2(ej,+j -|- 4,+j); 
pj ;= l/2{ti — t\) andpjj := l/2(ci,+j —c|_,_j). Consider a discrete series representation 
with a degenerate partition [/x,/i,/i,/i], and identify its lowest weight Vw_ with the 
vacuum of some guantum system. It is straightforward to see that 

(i? Pj]))^)m_ oc j (l? (P*,i))«)»_ ^ ^ij ■ (2-9) 

Moreover, it is easy to imagine the symmetry reduction u(4) —)■ u(3) x u(l). 

IFe will return to this aspect in more detail later and argue that the parabolic 
decomposition can lead to a phase space with 4-d space-time and internal U (4) gauge 
symmetry. 

At the algebra level, the parabolic decomposition is described by 


6p(8) = 3_©il(4)©3 


(2,10) 



where 3+ = span{ejj}, 3- = span{e|j} and il(4) = span{iij}. Choosing the lowest 
weight as opposed to the highest weight vector to generate V(^) seems arbitrary from a 
physical standpoint. Therefore, at least in this paper, we will assume that the system 
enjoys the symmetry 3+^3-- 

The parabolic decomposition leads to a canonically associated coset space Z := 
S'p(8,M)/P with dimR(Z) = 10 generated by the subalgebra 

6P(8) 

^ • 3-©if(4) 

Since the elements of 3+ mutually commute, interpret Z as the system configuration 
space and the elements of ^ as the generators of ‘external’ and ‘internal’ dynamics. 
Accordingly, we propose to associate dynamical variables parametrizing ‘external’ 
interactions with the coset space S'p (8, M)/?7(4). This is a dimK(S'p (8, R)/U (4)) = 20 
manifold that can be interpreted as the system phase space. 

The coset space Z furnishes both a convenient physical interpretation and the 
means to construct induced ureps. 


( 2 . 11 ) 


2.1.2 Induced ureps 

So far we have only considered the algebra (3p(8). But what we need to hnd is 
unitary representations (ureps) of the group S'p(8,M). This is a non-compact group, 
and we can’t simply exponentiate a representation of its algebra because relevant 
representations are generally inhnite-dimensional in this case. The method we will 
use to construct ureps relies on Mackey’s theory of induced representations which 
has been thoroughly developed im-iza. We give only an outline of the steps for a 
quantum system invariant under the involution 3- W 3+: 

step 1: Find the basic dominant-integral lowest-weight modules of ©p(8). There 
are four: 1248 ^ where the subscript denotes the dimension 

of the module. The trivial representation has been included in this list, 
because it will represent the quantum vacuum. The dehning module is 
and the adjoint module is © Vg^^ © Whether there are other relevant 
reps based on V 48 ^ and V 42 ^ is unclear, but there is no reason not to expect 
them. 

step 2: For each relevant rep, identify the dominant-integral lowest-weight vector 
and generate the invariant subspace V(^) C for all relevant unitary irreps 
of U{4:) by acting on the dominant-integral lowest-weight vector v^_. U{4:) 
being compact, its unitary irreps have hnite dimension, and, since they are 
dominant-integral, the various V(^) posses a positive dehnite hermitian inner 
product. 
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step 3: As an intermediate step, consider the principal bnndle associated with the 
‘internal’ symmetry; {Sp Sp {8,'R)/U{4:) ,pr,U{4:)) and its associated vec¬ 

tor bnndle (X, Sp (8, M)/f/(4) ,pr, V (^), U{4:)). Note that cross sections of each 
bnndle are canonically related and represent t/(4) degrees of freedom. 

step 4: Recall that the action of ^ leaves V(^) invariant. So maximnm efficiency 
(associated with the impending indnced representation) obtains throngh the 
factorization Sp (8, R)/P which ntilizes the hnite-dimensional V(^). Accordingly, 
trivially extenco the relevant nnirreps of 1/ (4) to P. Since the ten elements in 
the factor algebra 3+ mutnally commnte, we can anticipate that they yield a 
basis for compatible qnantnm observables. 


step 5: Constrnct the principal coset bnndle {V,Z,pr,P) and its associated vector 
bnndle (V, Z,pr, V(^), P) where the base space is a snbmanifold of the homoge- 
neons coset space Z := Sp (8, M)/P. Recall that a point g E V = Sp {8, M) is an 
admissible map g : V(^) V. Since we are stipnlating nnitary irreps of t/(4), 
there is a nniqne vacnnm v^_ G V(^) invariant nnder P so that g{Vyj_) can be 
identihed with the zero-section in V. It is important that the elements of 3+ 
mntnally commnte since then exp 3 +(V(^)) indnces a foliation of V compatible 
with the hber strnctnre, i.e. the leaves are homeomorphic to Z. 

step 6: For each relevant (labeled by r), consider normalized eqnivariant, smooth 
p-forms 'ijj G Cc{/\^ with norm 


L2 = 


= tr 


'5p(8,R) 


'iJj A 


1/2 


( 2 . 12 ) 


where the trace is with respect to the scalar prodnct on The indnced 

nnitary representations are dehned bj@ 

Uind^p(8,«)« ^ ^ = N{p)Q{p-^)^{g)} (2.13) 

where p E P, the normalization N‘^{p) := Ap{p)/Asp{8,R){p) with modular 
function Adg) = |det A(iG'((/)|, and the continuous map g : P ^ X(V(^j) is a 
unitary lowest-weight irrep. 


step 7: Construct the Whitney sum bundle 

Wv - (©V<'>,Z,pr,0V<;;,P) 

r r 

=: (>V,X,pr,>V(^),P) (2.14) 

^^The extension is trivial because, as follows from the commutation relations, 3- annihilates every 
element in V(^). 

^•^Strictly speaking, the literature defines induced representations for vector-valued 0-forms. The 
extension here to vector-valued p-forms is anticipating gauge-type state-vectors. 
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using all relevant unitary irrep modules The typical fiber W(/x) is Hilbert. 
The induced urep module is 

Ulndp^ (8,R) _ 0 . (2.15) 

r 

The induced urep p : S'p(8,M) —)■ L(UIndp^^^’*^), which will not be irreducible 
in general, can be expressed as 

{p{9)^){9o) = ^{9~^9o) =■■ ^g{9o) (2.16) 


where Qo, g E Sp (8, M). 

2.1.3 Hilbert space 

From the induced urep module UIndp^^^’*\ we want to construct a physical Hilbert 
space of state-vectors 'Hq. We restrict attention to a particular value of p; remem¬ 
bering that the full Hilbert space will include all relevant p-forms. 

Since the generators associated with the homogenous space Z mutually commute, 
they can be simultaneously diagonalized — meaning state-vectors of the quantum 
system can be parametrized by the smooth manifold Z. Also, we can transfer the 
furnishing space of the induced representation since if and G T{/\^ T*Z,W) are 
related by = g~^ o fj^z) with n( 5 f) = 2 ; = gzo where zo is a choice of origin 
in Z. If a canonical local section cTj on the principal bundle is chosen relative to a 
local trivialization {Ui, (pi}, then and are canonically related, and we can identify 
tf = 

Since pr{gar{z)) = gpr{ar{z)) = gz, then gai{z) must be a point in the fiber over 
gz, i.e. gai{z) = ai{gz)p for some p E P. Hence, using canonical local sections relative 
to a given trivialization yields a canonical induced representation on r(/\^ T*Z, W); 

{p{g)i)){z) = {p{g)^){ai{z)) 

= q{.P~^)(^1^{.9~^z) = Q{p~^)fj{g~^z) 

=■■ Q{p~^)'ipg{z) . ( 2 . 17 ) 

The urep p can be used to define a gauge-invariant ^-homomorphism : LBiP) —> 
Tn(>V.) by 

'Vw,, ■■= {p{g)'ip){z) ( 2 . 18 ) 

where {z, is the representative of 'f{z) in a local trivialization. 

There is ambiguity in this action associated with g{p): It can be interpreted either 
as an arbitrary choice of local section cTj or an arbitrary choice of basis on each fiber 
Wx- Since a particular choice of either is not physically relevant, physical states 
should not depend on the choice. This implies that, if we want to represent a 
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physical state, it should be covariant under the right action of P. But this is just 
the fiber bundle statement of gauge invariance. Conclude that a physical state is 
represented by an equivalence class [ip] with equivalence relation '4){z) ~ ' 0 (^p) for all 
p e P and 2 ; e 

The condition that an entire equivalence class [ip] G "Hq represents a physical state 
is readily handled in the bundle framework; just insist that the p-forms used to dehne 
the induced representation are horizontal. In effect this simply means that p-forms 
ip on V are dehned in terms of an exterior covariant derivative D associated with a 
choice of connection on V. 

Evidently, the module P = T*Z,W) C T{/\^ T*Z,W) furnishes a urep of 

Sp (8, M) with subspace Pq C P spanned by [ip] = 'iphor- Use the quasi-invariant mea¬ 
sure fip on Z and the Hermitian inner product on W’(^) to construct a bundle metric 
on W. Equip P with the Hermitian inner product induced from Wa, (equivalently 
from the Haar measure on V) 

(V'i|' 02 )w := [ {^pl{z)\^p 2 {z))yv^ dpp{z) =: [ ^plA*^p 2 . (2.19) 

Jz Jz 

and complete P with respect to the associated norm. Then P can be identihed with 
the quantum Hilbert space. Accordingly, Pq represents the physical Hilbert space. 
Note that this induced urep is not irreducible in general. 

Remark 2.2 The induction game can he played on the intermediate vector bundle 
(X, Sp (8, M)/t/(4),pr, W(^), U(4)) where Sp (8, M)/t/(4) can be interpreted as a phase 
space. Non-trivial cross sections will exist for vanishing Euler class, and a 2-form on 
the space of sections can be defined in the usual way in terms of the non-degenerate 
2-form on the base space. However, since the elements off) := 3+ ©3- do not all 
commute, exp 3 (W(^)) does not yield a compatible foliation ofX. Conseguently, the 
relationship between Pp and )p that allowed identification of the Hilbert space with the 
space of smooth cross sections no longer makes physical sense, i.e. generically more 
than one cross section is associated with an orbit of exp 3 . To remedy the situation, 
it is enough to pick any ten commuting elements in 3; thus defining a “polarization” 
on the phase space which in turn induces a compatible foliation. 

2.1.4 Coherent states 

The structure of the coset space Z := S'p( 8 ,M)/P immediately suggests dehning 
Perelomov-type CS. Many useful details regarding these and other types of CS can 
be found in [12] and [13] 

is important to keep in mind that the equivalence relation is strictly imposed only in a local 
trivialization since it springs from ambiguity of the choice of local section — it is not meant 

to be a global statement. 

Another important and useful type of CS is the Barut/Girardello-type. They are analogs of 
momentum eigenstates of Poincare. 
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The construction requires a complexified coset space := Sp{8,C)/P’^. Recall 
that g G can be viewed as an admissible map g : Given a local 

trivialization {f/j, ipi\ of the Whitney sum bundle and a local chart cj) : Ui ^ a 
point w G C can be represented on x as 


I0(^);r) 



( 2 . 20 ) 


where the point z EUi has coordinates (j){z) = z*j G the vector l/j,) represents a 

basis of and we used the Mackey factorization g = exp{i J2ij ^tj ^ij}P- 

To simplify notation a bit write \(j){z)] /x) \z*-, fi). Then a state-vector G "H 

can be modeled locally on f/, x Explicitly, 

Definition 2.1 Given a local trivialization of the bundle the CS model of a 

state-vector e 1-L is defined 

(x; nlfj) =: ip^iz) = a*^{z) (2.21) 

where ai is the canonical local section and z E Zg Z . The space Zg is determined 
by boundary conditions on 'if>^{z). 

Similarly, the ^-homomorphism defined in fl2.18|) has a CS realization: 

Definition 2.2 The CS model of an operator O G LBiTL) is defined by 

=: dil^^iz) . ( 2 . 22 ) 

We call 'il^fj^iz) a coherent state wave function or coherent state for short. It is a 
column vector according to the relevant unitary irreps of U (4) collectively labeled by 
H = (//(’’i),..., /i('’")). Since Vwl are unitary irreps, 'ily^{z) is comprised of components 
'*A/x(^) = • • •) '*/’J)"('2)) that do not mix — a kind-of super selection. We will 

often restrict to a specific component '0^(^) = (^^j hit/’) ^ notational and 

conceptual simplicity. 


2.1.5 Matrix CS 

The isomorphism between the space of % parameters and the vector space of sym¬ 
metric 4x4 matrices allows to write the coherent state basis as 

k*;R) = := (^exp |Mr(Z*e+)|^ \fi) (2.23) 

^®This mixed bracket notation is a bit strange: On one hand it should not be confused with the 
Hilbert space inner product (• |- )-u or the inner product (• |- )w(^)- On the other hand, it emphasizes 
that the object it defines is a CS model of a state-vector. It must be kept in mind that the notation 
(• I’) implicitly assumes a local trivialization, and can be interpreted as the expression of a state- 
vector in the “z O p representation”. 
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where Z* G is comprised of the coordinates and it is understood that 

Ui is modeled on — the space of symmetric 4x4 matrices with complex 

components. 

To implement this, dehne the symmetric matrices lS+ and with components 
{cij} and {e*j} respectively, and <£u comprised of {ip}. Form the vector space 
:= ® hV (^)5 and model Z on Given a chart on Z and a 

local trivialization on W'^, a point is represented by 

^i{w) = |Z*;/x) = l^exp |^tr(Z*e+)|^ |/x) . (2.24) 

Now define; 


Definition 2.3 A CS model of a state-vector in the matrix picture is defined by 

{Z;^x\^P) := (^1 (e'AAz^-)^ ^ , ( 2 . 25 ) 

and the model of an operator (not necessarily hounded) is 

{Z-pi\Ofj)-.= dxl^^{Z). ( 2 . 26 ) 


Referring to [I2]l}3 an explicit CS realization of the Lie algebra generators for 
0-forms in a local trivialization Ui x in the matrix picture is given by 


= 


/2^ 

d 

a 

0213 

a 

9214 

\ 

d 

2^ 

a 

9 



9223 

9224 


d 

a 

2^ 

^ 923 

9 


a^i3 

0223 

9234 


\ dz^‘^ 

a 

aP^ 

9 

aP^ 

2 A 

/ 


I =: 0 I 


( 2 . 27 ) 


and 

where 


€+ = [Zdz-id+l)]Z®l+Z^V+{Z^Z)Vf 

= [Zdz -{d+l)]Z ®I+ Z Z)U+{Z 
=: [Zdz - {d+l)]Z (Zl +Sym{Z (^U) , 


(Sc/ = Zdz 

(U) 


1 + Id(ZV 




( 2 . 28 ) 

( 2 . 29 ) 

( 2 . 30 ) 


^^Note that our notation differs a bit from m- we put y, := \-\-n/2 where A is the lowest weight 
characterizing the U{4) unitary irrep and n > 2d = 8. 
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with (£[/ the generators of ^7(4). These do not belong to LBiJ-i) but their unitary 
exponentials do. 

In words, the set of matrix-valued operators {€+, lS_, ^u} is a Perelomov-type CS 
model of {<^ij, <^ij, kj} in the matrix picture, and unitary exponentiation realizes an 
induced urep of Sp (8, C). 

The overlap kernel for {z',z) G Ui has been calculated explicitly in |12] : 

{Z'-pl'\Z*-pl) = |/x)wc =: {K-\Z\ Z*))^,^ (2.31) 

where e~^ = [Id — Z'Z*). The associated resolution of the identity is 


where 


Id = 


d cr(z) := M 


'Ui 


Z*;^J,) dcr{z) (Z;/x 

K{Z,Z*) 


det(/d- ZZ*)(4+i) 


dz =: P( 2 ;) dz . 


(2.32) 


(2.33) 


A/" is a normalization constant and Id^p^{Z) = {Id'ip){Z) with Id the identity oper¬ 
ator on H. 

From these, one obtains the local CS superposition on 


\'ip)i = [ \Z*■,^^)d(T{z){Z■,^l\'^p) (2.34) 

JUi 

which must then be extended globally to Z'^\S"' with 5” the unit sphere in Z'^ and 
Dirichlet/Neumann boundary conditions on the sphere (Z; iJ,\'il))\sn = 1^^. Similarly, 
assuming = 0 for simplicity, 

= f ,pl,{Z')F(z')d,p^.{Z')dz' 

J 

= f f ^l,{Z')¥{z')[Z’;ii'\0\Z--,ii)¥{z)^^{Z)dz'dz 

Jz<^\S^ JzZ\S” 

=: f f ,pl,{Z')Ko'{Z',Z-),l,^(Z)dzdz\ ( 2 . 35 ) 

JzC\S^ JzZ\S^ 

With proper restrictions O rp^,{Z') = (Z'; ^zL\0^jJ) can be rendered a distribution, and 
]Ko(Z', Z*) can be interpreted as the CS model of the Green’s function associated 
with operator O. 


Remark 2.3 The definition of CS in terms of the map exp : ©p(8) —?• S'p(8,M) is 
problematic because, although it makes sense in a local neighborhood of e ^ S'p(8,M), 
it is not one-to-one or onto ([27] pg. 18). A more sound approach is to define Cayley 
CS by |Z*; pi) := C(Z*(£+) \pt) and conjugate CS by |Z; pt) := Cl(Z(£„) \pt) where C 
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denotes the Cayley transform C{Z*(E+) = {Id+ Z*(B+){Id — Z*(S+)~^ and ZZ* ^ 1. 
Then \Z*]^) © \Z]^) along with J is a symplectic vector space, and g G Sp{8,M.) 
acts by exp{± 0 } on each component subspace. pg. 18) So the original CS model 
remains intact, but there are two copies — a conjugate pair. This is just a general¬ 
ization of the Bargmann representation in elementary QM. 

2.1.6 CS vacuum 

Let w. = denote the collection of dominant-integral lowest weights. 

We dehne the gronnd state by fjo{g) := Vw_ G \/g G S'p(8,M). And we dehne 
a vacunm-state to be the gronnd state of a nnitary irrep p induced from the trivial 
partition /x = [p, p, p, p\. In this case, is irreducible and one-dimensional 

such that {p{g)'ip{f){g) oc for all g G 5^(8,M). 

According to the dehnition, the CS model of the algebra generators acting on a 
ground state ^jJo give (£-V’o = 0 ) ^+V’o = Zi^{I-\-Sym{\]))'ipQ, and Cf/i/’o = Id(^^]^pQ. 
Obviously the vacuum-state is covariant under and £[/ as are t/(4) degenerate 
ground states if they exist. 

It is appropriate to call P a gauge group and a gauge-invariant vacuum. This 
suggests a natural dehnition of the CS model of a vacuum state-vector; 

Definition 2.4 The CS model of a vacuum state-vector ipQ ^Ti is defined by 

(z; /x|(po) := V;,(z) = Vz G (2.36) 

such that {(Pq\ipq)'^ = 

Proposition 2.1 The VEV w.r.t. of any observable O is gauge invariant. Con¬ 
versely, gauge-invariant observables induce degenerate ground states that span 

Proof-. By dehnition, the vacuum furnishes the trivial one-dimensional representation 
of the parabolic subgroup P so p>o{gp~^) = N{p)g{p)(po{g) = N{p)v^\/g G S'p( 8 ,M) 
and p G P. Hence, the VEV with respect to of any observable O G 21 is automat¬ 
ically gauge invariant; 

{(po\0(po)n = {pip)To\0 p{p)(po)n = (v?o|p(p)*Op(p) (Po)h (2.37) 

where O G L('H) is the (not necessarily bounded) linear operator representing the 
observable O G 21. Equivalently, if the trace exists, 

trKo^(Z', Z*) = tTp-\p)Ko\Z’, Z*)p{p) = ti Ad{p)Ko\Z', Z*) . (2.38) 

Similarly, if an observable is gauge invariant, then {'ipgp\0'ifgp)'n = {'ipglO 'ipg)'^. In 
particular, ('0p|O'0p)w = {'f’olO 'iPo)h- Roughly speaking, the entire module is 
spanned by gauge-degenerate ground states — relative to gauge-invariant observables. 
In other words, gauge-invariant observables cannot distinguish elements of □ 
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Remark 2.4 Let’s take stock of what we have so far. We start with a parabolic de¬ 
composition of the symplectic group Sp{8,M.) and use this decomposition to construct 
induced representations. From the induced representations, the Hilbert space of state- 
vectors T*Z,W) or T*V,W(fj,)) is constructed. Complexifying Z allows 

the construction of matrix CS, allowing to model by the ‘wave function’ 

The wave-function model yields explicit realizations of operators in a manner familiar 
from elementary QM: In particular we indicated expressions for the operators associ¬ 
ated with the generators o/©p(8,C) obtained by |T2]. Just like elementary QM, the 
wave function can be interpreted as the state-vector in the ‘CS representa¬ 

tion’ I Z*] /x). 

What remains is to construct a model of 21 and represent the dynamics. As 
discussed previously, both of these spring from the assumed dynamical group Sp{S, M). 

2.2 The C* algebra 

Much of the material in this section was presented in [T], but it is included here in 
abridged form for convenient reference. 

Since 5^(8, M) is supposed to be the ‘shadow’ of the topological group of units 
G of the quantum algebra 21, it is reasonable to assume that 21 can be modeled by 
functionals F : 5^(8,M) —)■ LbQH). After all, we expect the bracket structure of G 
to be carried by Gx. Therefore, the space of functionals comprised of F : S'p(8,M) —)• 
Lb{TL), which is a C'*-algebra when properly dehned, should be a good model of 21 
— in the sense that it contains any observable that one could hope to measure. 

We use functional Mellin transforms to construct the C'*-algebra. Functional 
Mellin transforms are a particular type of functional integral defined in [30]. Roughly, 
a functional integral is defined by a family of integral operators intA : F(Ga) 
where 23 is a Banach algebra and F(Ga) is a family of spaces of integrable functions 
/ G for all A G A. For the purposes of this paper, Gx = S'p(8,M) and 

® = iBin). 

To dehne functional Mellin transforms in the context of SQM, start with the data 
(G, Lb{H), G^) where G^ = Sp{8, C) and "H is a urep module. 

Definition 2.5 (H) Let the map p : G^;^ —)■ LbQH) be a continuous, injective ho¬ 
momorphism, and 71 z '■ LBiTL) —?■ Lb{Wz) be the non-degenerate *-homomorphism 
defined in ^2.18\) . Define continuous functionals F(G5) 3 F : G^ —?• Lb{TL) eguiv- 
ariant under right-translationJ^ according to F{gh) = Y{g)p{h). Then the functional 
Mellin transform JAx ■ F(G5) —)• LBifH) is defined by 

Mx [F; a] := [ Y{gg^) Vxg = [ F{g)pig‘^) Vxg (2.39) 

^®This of course is a very loose term since is generally a p-form. 

^®Tliis prescription is for left-invariant Haar measures. For right-invariant Haar measures impose 
equivariance under left-translations. 
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where a E S <Z C, g°‘ := expQ(a logf; ^f) and 7iz(F{g)p{g^)) G Lb(Wz) where the space 
of bounded linear operators LBiWz) is given the operator-norm topology. Denote the 
space of Mellin integrable functionals by Fs(G5). 

Define a norm on F§(G5) by ||F|| := snp„||F||Q, where 

||F||„ := snp;,||>l [/( 5 (A);a] II < oo , ae§. (2.40) 

Assnme that F§(G5) can be completed with respect to ||F|| or some other snitably 
dehned norm. Then 

Proposition 2.2 ([15] prop. 4.2) F§(G5) is a C*-algebra such that ||F*||q = ||F||q 
when endowed with an involution defined by F*( 5 f^+") := F( 5 f“^“")*A( 5 f“^) and suit¬ 
able topology. 

Onr postnlate is that the space of Mellin integrable fnnctionals Fs(G 5) models the 
C*-algebra 21 that characterizes the physical properties of a qnantnm system. Since 
Tb('H) is non-commntative and S'p(8,M) is non-abelian, it follows from Prop. 4.6 [15] 
that A4 a[- ; 1] =: '■ Fs(G5) —)■ LB{T-i) is a ^-representation. Remark that is 

jnst a crossed prodnct[Tl]. However, it is still nsefnl to maintain the general Mellin 
transform setnp because A4.\[ -; a] will be a ^-representation for all a G § when one 
wants to calculate functional traces and functional determinants. 

An important property of 7 ^^^^(Fs(G 5)) necessary for the consistency of SQM is 
that it contains a copy of p{Sp{^^Md)) (which can only happen for non-abelian if 
a = 1 and p is unitary); 

Proposition 2.3 ([H] prop. 2.34) Let f/(7^^^^(F§(G5))) denote the unitary group of 
umts o/7^1')(Fs(G5)). Define : Fs(GC) ^ F§(GC) by (*,(F))(f 7 ) := M{h)Y{gh) 
with h,gE G^. Then the map ix : C^ x ^("^a ^(Fs(Ga))) by h ^ ("^a^ ° 
injective strictly continuous unitary valued homomorphism. 

Proof-. The proof is left to the reference since 7^^^^(F) = AIaP; 1] is just a crossed 
product. But note that p is unitary since a = 1 and 

i,(ft)(F) = Kl‘>(j4F)) = [ p{h)F{gg‘-h)p{h-') V,g 

= [ p{h)F{gg°)p{h)p{h-^) Vxg 

= K«(p(ft)F)=p(ft)<‘'(F). (2.41) 

In particular, 7^^^^(i/i(Id)) = p(h)7?.^^^(Id) = p{h). So despite appearances, our map ih 
coincides with icih) of ]T1]. They are defined differently because we use equivariant 
functions F. □ 
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We already knew p{G^ C Lb{H), but now we also have p{G’^) C t/(7?.^^^(Fg(G'^))). 
Essentially, C F§(G5)). This means that group elements are indeed observables 
as required, and 7?.^^^(Fg(G^)) contains its associated operators. 

The matrix CS model of is (Z;-^) = 7?.^^^(F)t/?^(Z). In partic¬ 
ular, for F of the form F = -^yith self-adjoint H(f), this becomes 

(Z;/x|7^i'HF)^) = (2.42) 

where /(C5^) = 7?.^^^(LogF*) = TZ^^\i}l{t)) =: iHx{t).{^ sec. 3) The associated CS 
realization of the expectation is 

«.|R‘‘'(F)^), = / ,l,l,{Z')nz')'R^)^pZ')dz' 

JzC\S”- 

=■■ [ f ^l^l,{Z')K-p\Z\Z*)^l,^{Z)dzdz' . (2.43) 

Jz^\s^ Jz^\s^ 

Gauge-invariant observables are characterized by O = Ad(p)0 for all p G P. The 
adjoint action on F§(G^) gets represented as an adjoint action Ad{p) on 7^^^^(F§(G5)) 
so that gauge-invariant operators obey = Ad{p)0^^ = p{p) 0^°‘ p{p~^). As an 
example of a gauge-invariant operator, suppose an observable Fp is left-equivariant 
(in addition to being right-equivariant) and a central function with respect to P, 
i.e. Fp{pgp~^) = Fp{g) for all p & P. It follows from the definition of functional 
Mellin that (Fp))(“ = Ad{p){Fp)^°‘ = p{p) (Fp)^^ p{p~^) . At least one class of this 
type is not too hard to construct: let Fp{g) = E“'''‘ 0 u with y* G C and 0 u G 11(0^) 
where U(0^) is the universal enveloping algebra. Then Fp( 5 f) is clearly left- and 
right-equivariant, and it will be a central function if [7i0u,p] = 0 for all p G fp. 

2.3 Automorphisms 

2.3.1 Complex structures 

By dehnition, Sp{8, M) contains an inner automorphism j that is anti-involutive 
= —e (with e the identity in 5^(8, M)) and satisfies g'^jg = j for all g G 5^(8, M). 
At the algebra level this relation becomes glj = —j g. Evidently j induces an adjoint 
action Ad(j) : 6 p( 8 )± ^ <3p(8)p by g± ^ jg±j = g^ = g^. 

Having eigenvalues ±q the ‘complex structure’ j allows ©p( 8 ,M) to be given 
the structure of the complex algebra ©p( 8 ,C). This complex structure obviously 
extends to via g'. Consequently, for any complexified there exists a basis 
that diagonalizes J := p(j) such that where 

yf) ■= {» 6 vy \Jv = ±iv} , V® 6 vy . (2.44) 
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Hence, J provides a means to transfer objects formulated in the context of S'p( 8 , C) 
into objects relevant to S'p( 8 ,M) and vice versa. 

The automorphism j serves another important purpose. Recall that ©p( 8 ,M) is 
endowed with a non-degenerate, bi-linear, symmetric form B — the Cartan-Killing 
metric. Together with j, this dehnes a symplectic form by 17(-, •) := i?(-, Ad(j)-). So 
©p( 8 ,M) has the structure of a symplectic vector space. Moreover, the metric and 
symplectic structures on ©p( 8 ,M) can be combined to construct an hermitian inner 
product h : 6 p( 8 ,M) x ©p( 8 ,M) —)■ C by 

^( 01 , 02 ) = 5 ( 01 , 92 ) - 02 ), V 01,02 e 6 p( 8 ,M). (2.45) 

It is evident that h is just the hermitian inner product on ©p( 8 ,C) restricted to a 
real subspace fH c ©p( 8 , C) dehned by fH fl j fH = {0}. 

In addition to the inner complex structure j, there are two outer anti-involutions k 
and I that satisfy g k = k g and gl = I g for all g G *S'p( 8 , C) with /c^ = —e and P = —e. 
The four maps e, k,j, I exhaust all (anti)involutive automorphisms of 5^(8, C). They 
are very special automorphisms because they endow ©p( 8 , C) with three independent 
complex structures. Moreover, jk = —kj, jl = —Ij, kl = —Ik, and jkl = —e. So 
the linear maps {Ad(e), Ad(j), Ad(fc), Ad(Z)} generate a quaternion algebra that acts 
on ©p( 8 ,C). However, none of them generates evolution: e trivially commutes with 
everything, j is not self-adjoint, and k, I are outer automorphisms. 

Nevertheless, we can interpret their actions on and hence "H. We have already 
seen that j exchanges g± ^ g^p. Since we identify ± with charges in the adjoint 
representation, Ad(j) is interpreted as ‘particle^anti-particleQ. To interpret k and 
I, construct an explicit representation; for example the dehning representation. Then 
j, k, I can be represented by 

J ■= pU) = (^ Q 'j , (2.46) 

V) ■ P.47) 

and 

L ■■= p{l) = * Q ^ • (2.48) 

Evidently Ad(/i;) can be interpreted as ‘particle^anti-particle’ without charge 
exchange. Finally, p{l) affects the sign of the eigenvalues of stationary states. This 
suggests we interpret Ad(/) as charge exchange with respect to evolution reversal. 
Finally, We have already insisted that "H is invariant under p(j) because the highest 
and lowest weights were identihed, but there is no reason to impose invariance under 
p{k) and/or p{l). On the other hand, invariance under p{jkl) = —Id is assured and 
obviously resembles CPT-type symmetry. 

^°The term ‘particle’ is being used loosely here. It refers to the excitation in the Fock space Sp 
associated with the creation/annihilation operators realizing ©p(8). 
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2.3.2 Evolution 


According to [T], quantum dynamics is generated by a continuous, unitary inner 
automorphism F i—)■ Ad{h{t))F where h(M) C is a unitary subgroup. Here we 
suppose that h{t) is determined by 

-i()u(h(t)) =-iflu(t)h(t) , h(4) = e , t E [ta^h] (2.49) 

where f)u(^) ^ U('S'5) is self-adjoint, U(05) is fhe universal enveloping Lie algebra, 
and e is the identity group element. 

Suppose that 

= (2-50) 

i 

where ai{t) are real analytic functions and gjj E 11(0^) are self-adjoint. Then ac¬ 
cording to Magnus’ theorem, h{t) can be written (for suitable t) 

hit) = := (2.51) 

where f)(f) is determined by 

= (2.52) 

71=0 

where Bn are Bernoulli numbers and the map ad"(f)u(^)) is dehned recursively by 

ad° (()u(t))^u(f) :=^u(^) and ad" ([)u(t)) ^u(^) := ad^ (f)u(t)) ac?"“Mf)u(^)) |lu(^)- Al¬ 
ternatively, following Wei-Norman[28]. 

h(t) = JJ (2.53) 


where the 7i(t) are related to aiit) through a system of nonlinear differential equa¬ 
tions. This form of h(f) is particularly well-suited for parabolic decomposition and 
CS realizations. 

The adjoint action on Fs(G 5) induces a continuous, time-dependent unitary inner 
automorphism on Lb('H) through the ^-representation 


kW(F) nf {¥{{)) := k" (Ad(A(()) F) 


7)(A(()-‘) [rI'If)] p{h{t)) 

Adihit))n^^\F) (2.54) 


where p(h(t)) = = ])([j e”*^**'*^^'*'®*^. 

The evolution operator is dehned by 17(f) := p(h(f)) which suggests to dehne a 
Schrodinger state-vector 'ipit) := f/(f)'0. Then transition amplitudes have a Heisen¬ 
berg and Schrodinger representations as usual 


(.),|7jy(F(i))v-) = (.).|£;(«)-‘7j«(F)c/(i)|.iA) = ■ (2.55) 
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Moreover the dynamics can be expressed in the CS model of a Schrodinger state-vector 
as expected 


dt 


iH{t)z) \/1 G [ta,th] and z & Zq (2.56) 


where H(t) = p'(P)(t)) G LiTi). The CS model of if is a vector held on the gronp jet 
bnndle restricted to Z. 

The snpposition that dynamics is governed by inner antomorphisms has important 
conseqnences: Along with generating the dynamics of observables, h{t) also indnces 
an adjoint action on U(0^). The action represents evolntion in 11(0^;)^) becanse 



(2.57) 


So in particnlar, h{t) effects a change p i—)■ Ad{h{t))p =: pit) for all p E P. 

Recall that ipizp) G Wz for all p E P. Bnt after evolntion, %lj{zp{t)) is no longer 
necessarily an element of Wp. Using fl2.53l) it is easy to see that there exist possible 
hit) snch that pit) ^ P for some or all t E [ta,tb\- If h happens that 'ip{zpit)) ^ Wz, 
then it makes sense to dehne a new parabolic snbgronp Ph{t) = Ad{h{t))P along with 
its associated gronnd states. Conseqn^tly, ground states depend on the evolution 
history of a closed system. Moreover, Ph(t) indnces a new coset space Z^p) with its 
associated CS model. In this sense Z evolves, and the physical interpretation of CS 
is time-dependent. In other words, the kinematics is time-dependent in general. 

Bnt what abont the vacnnm? By dehnition, the vacnnm fnrnishes the trivial 
representation of Sp{8, M) with {(po\^o)n = |'*^-|- So, for the expectation of a nnitary 
evolntion (which is precipitated by an observation/measnrement that indnces the 
homomorphism —)■ the vacnnm doesn’t change. 

However, we do not a priori exclnde the possibility of non-nnitary evolntion of a 
closed qnantnm system that has been pertnrbed by an external agent. That is, we 
contemplate SQM of an open qnantnm system. The pertnrbation is still dictated by 
some snbgronp h(M) C G^ bnt the associated representation is no longer necessarily 
nnitary. We conjectnre that in general this may lead to a new vacnnm v-y indnced 
from a new degenerate partition J1 = [/I, p,/I,/I]. The vacnnm modnle W(^) remains 
one-dimensional, bnt now (^oI^o)h = 

Remark 2.5 This section was meant to outline the quantization of Sp{8,M), hut 
much of the construction was actually built using Sp{8,C). This should not pose a 
problem as long as we are careful to restrict to real objects and/or subspaces at the 
appropriate times making use of the complex structure J. 

3 Some physical interpretations 

Althongh there are still many aspects of the qnantization that merit farther investi¬ 
gation, we will move on to physical interpretation of SQM — the natnre of which is 
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somewhat speculative. 


3.1 ‘Expected geometry’ 

Consider the combination [ej,ej]. Using (12.bh and the commutation relations it is 
straightforward to show that [cj, ej] = From the construction of and the 

dehnition of the ground state we know that (p' ([)*) where G 

is a dominant-integral lowest-weight vector]^ For the symplectic group, eigenvalues Aj 
of ()i are purely real or purely imaginary. Hence, the topology of the maximal abelian 
subgroup embedded in the group manifold is locally X where k + k' = 4@ In 
particular, for the CS vacuum v^, 


4])Vo)(^) = [diag(A?,..., A^, -\Xl\, 


,-|A 




(3.1) 


/c' 


where the eigenvalues Xk (Xk') are real (respectively imaginary). The same reasoning 
applies to [Ad{j)Ci, Ad{j)c^j], and similar reasoning applies to 

These properties, together with the observation that e and j are the only two 
inner involutive automorphisms, motivate the dehnition of a pre-geometry. 

Definition 3.1 Let Rk with k G {0, ...,4} represent a region in S'p(8,M) covered 
by a single coordinate chart, and choose an open region Ui O Rk. The pre-geometry 
Q{k,k') C Lb(R) is generated by the image under p' of Zij (identified with the as¬ 
sociated ten left-invariant vector fields on Ui) together with their inner involutive 
automorphisms, i.e. 


Q{k,k!) 


(E, Ei, Eij, E-i, J} , k -\- k — 4 


(3.2) 


where i ^ j e {1,2, 3,4}, E := p(e) = Id, Ei = p\ti), Eij = p'{ci,j), and J = p{j). 

Note that = Ad{J)Ei = Ej. Also, Q{k,k') when restricted to the vacuum 
subspace is an algebra because Pq is a U(4) singlet @ 

When k = 3 and k' = 1, (with suitable normalization) 


{To\p' 


[diag(l, 1,1, -l)]ij =: (p^) . 


(3.3) 


^^Recall that eigenvalues of Vw_ with respect to g' are positive integers. But here we are dealing 
with p', and there is no such restriction on its eigenvalues. 

^^Unless there is some reason to exclude certain real/imaginary eigenvalue combinations, the group 
manifold of Sp (8, R) comprises five domains locally characterized by the five different topologies of 
the abelian subgroup manifold. A thorough discussion of this and other aspects of evolution on 
non-compact group manifolds can be found in [7]. 

^^In this case, the algebra is closely related but strictly different from what is called geometric 
algebra in the literature. Specifically, Eij is not the antisymmetric product of the Ei. 
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The definition is equally valid for ground states in each , and since W(p) is a direct 

sum of the definitions hold for the ground state Vw_ G ^(/x) as well; although 
Q{k, k') will no longer be an algebra with respect to the ground state subspace. 

For a non-trivial evolution where Ad{h{t))ti = Ziit) ^ 3-, 


/ {h(t))\ (V’ol^ (^)p _ {'^h{t)\{Ei', E-j} j’hjt)) / / \ /o 

^ ■ (^ol^o) (V'ol^o) ^ ^ ^ 

Similarly, non-trivial dynamics induces a non-trivial almost complex structure 


and a non-trivial antisymmetric form 




{Ejj Ej^i) 

(^olV’o) 


(3.6) 


The VEVs of of the pre-geometry Q{k, k') characterize the geometry of a complex 
manifold (p(Ad( 5 f)z)) =: (assuming it is a topological space), that can be 

interpreted as a phase-space state in the sense of the GNS construction. For want of 
a better name, we will call it the ‘expected phase space’Q To see this, notice that 
can only depend parametrically on Z because p'(p)'0o only transforms the |/x) 
component of ipoiz). Indeed, annihilates the ground state, p'(ip) is unitary, 

and is normal. Hence, Ad{p)p'{[ti,t^j]) can be diagonalized by a unitary 

similarity transformation on W(;x), which implies that a gauge transformation just 
corresponds to a change of coordinate basis in W(;x)- 

Accordingly, expected phase space has dim]R(S'p(8,M)/17(4)) = 20 and the associ¬ 
ated CS model of the operators encode the time-dependence of the geoemetry 

through their spectraj^ Moreover, since 'ipgp ~ 'ipg for all p & P, the geometry is obvi¬ 
ously gauge invariant. In other words, in a CS model non-trivial expected geometry 
is parametrized by Z. 

For a system near the ground state, one might expect the influence of the opera¬ 
tors Eij on the phase-space geometry to be very small if the tij excitations require 
substantially higher energy. In this case it would make sense to integrate the pre¬ 
geometric structures over the off-diagonal variables to obtain an effective description. 

Specifically, assume {Z) is a topological space and let IK := (K) C {Z) denote the 
4-d ‘diagonal’ subspace in (Z). Let denote integrated over off-diagonal 

variables in Z; likewise for and The symmetric form {pij^^'^) ='■ gij{k) 

the limit of large systems, ‘expected phase space’ becomes classical, but a phase-space state 
would certainly not look classical for all systems. Note that rj and i? are not related through J so 
the expected geometry is not Kahler in general. 

^^An open question is the physical meaning of the pre-geometric algebra G{k, k') when k G {0,2,4}. 
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functions as a metric on the 4-d truncated space K. Similarly, =: J{k) and 

=: Oij{k) are almost complex and symplectic structures on IK. 

Evidently, in this effective description, '0~o) along with ^(3,1) 

could be used for a model of an expected 4-d space-time with approximate Poincare 
symmetry. In this sense, 4-d space-time owes its existence to approximation; as does 
Poincare symmetry and its irreducible representations. 

On the other hand, expectations of the Eij can be interpreted as directed-area 
elements according to the structure of the pre-geometry: So it may be that physics 
based on 4-d space-time is actually a truncation of a more accurate 10-d model — one 
in which both r/b'' and l7b participate independently. For meso/macroscopic systems, 
it is not hard to imagine that Eij operators can have signihcant expectation, and one 
can see the seeds of vortex-type dynamics that are algebraically independent from 
linear-type dynamics as long as {{Eij — Ej^i)) ^ (Ei) A {E_j). 

3.2 Particles and fields 

(r) 

The fact that P generates and the requirement that physical states are covariant 
under right-translation by P motivate the interpretation of ‘particles’ and ‘fields’: 

Definition 3.2 An elementary/quasi particle is an eigenvector Vp G of 
for each i G {1,2, 3,4}. In the CS model, an elementary field at a point z & is 
defined by 

■= iP't’pli’) = [ {pvp\z'*;^j,)dcr{z')'il^^{z') (3.7) 

J Z^\S-^ 

and satisfies = \i'if>^^[z). We call |Aj| (suitably normalized) the U{4) 

charges. 

Assuming non-degenerate eigenvectors, this can be inverted 

il)^{z)=[ {z■,^^\z'*;Vp)dc^{z')i)^^{z') (3.8) 

J z^\s^ 

and 'if^fj,{z) interpreted as a superposition of elementary helds. Thus the CS model of 
a state-vector is a held; albeit not element aryl^ 

This is an obvious dehnition based on (12.Sh . That is, elementary particles span the 
full module V of relevant representations as required. But — contrary to the weight 
decomposition of V which leads to the irreducible discrete series representations and, 

^®We should emphasize this definition of field does not coincide with the usual definition in QFT. 
Our fields are a generalization of the wave function in ordinary QM. In QFT, a field is a superposition 
of creation and/or annihilation operators c^, c]j, and in SQM there is no object to directly compare 
since everything is constructed from products To compare indirectly, the commutator of 

QFT fields roughly corresponds to the CS model of the corresponding SQM operator. In the other 
direction, our fields are a CS model of a multi-particle state {CaiCa 2 ■ ■ ■ po ='■ '*/’■ 
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hence, particles characterized solely by their 17(4) partition — the dominant-integral 
lowest-weight parabolic decomposition characterizes particles by their 17(4) charges 
and their P representation. And, according to remark 12.31 the conjngate CS model 
represents anti-particles. 

Notice the dehnition holds for all relevant representations labeled by r. Since 
p'(f)i) can be interpreted as a number operator, multi-particle states are accounted 
for by appropriate associated with tensor products and direct sums. For example, 
by dehnition the vacuum is an elementary particle that happens to be the degenerate 
17(4) representation labeled by some partition /x = [/x,/x, p,/i]. Since there is no a 
priori reason to settle on a special value for /x. It is not hard to imagine that different 
closed dynamical systems could have different vacua. After the vacuum, the next 
simplest irrep is the dehning rep of 17(4). It is standard to interpret anti-symmetric 
tensor products of this irrep with matter particles/helds. Moving on to the adjoint 
representation, the CS model of state-vectors in the adjoint representation can be 
interpreted as gauge helds. Elementary gauge bosons are then naturally identihed 
with eigenvectors of 1)* in the adjoint representation. As the rank of Sp (8, M) is four, 
there are 26 elementary gauge bosons that are characterized by four types of charge. 
Consequently, according to fl2.18p . {7r(,(p'(^))} are gauge potentials on zE It is 
remarkable that these gauge potentials posses both external and internal structure, 
and in a CS realization each component is a matrix-valued differential operator whose 
dimension is dictated by the W(^). Presumably, symmetric tensor products of the 
adjoint representation yield multi-boson particles/helds. Finally, the last two basic 
representations V 4 g^ and are suspected to be relevant, but their physical meaning 
is unclear. 

3.3 CS phase space 

The dehnition of held was given in terms of CS parametrized by 10 complex coordi¬ 
nates. We want to now express them in terms of 20 real parameters. For this purpose, 
use a matrix phase space CS model. This ehectively separates the ‘internal’ gauge 
freedom from the ‘external’ gauge freedom and more closely corresponds to observed 
helds in terrestrial particle physics. 

To construct the model, make use of remark YI7I\ to construct a phase space vector 
bundle X and its associated CS model by inducing a representation from U (4). Dehne 
the operators Qp := + ^lj)/2 and IJij := p'{tij — 4i)/2- Then a phase space CS 

^^These are the closest analog to fields in QFT. Presumably, one could use these operators along 
with {7r((p'(3+))} to make contact with field theory. 
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can be defined by 



with Zij = qij + iiTij. CS realizations of other phase space objects can be defined 
along the same lines as before. However, cross-sections of X cannot be directly iden¬ 
tified with state-vectors. For that we need to single ont a distingnished polarization 
on S'p(8, C)/f/(4) that allows determination of a Lagrangian snbspaceo Then the 
coordinates on the snbspace can be consistently identified with the spectrnm of ten 
mntnally-commnting operators in 3- Conseqnently, given a polarization, the CS ma¬ 
trix pictnre of a state-vector is Q, TT), and the notion of elementary particles and 

fields applies also here. 

As discnssed previonsly, we want to associate generators of ‘external’ dynamics 
with 


/ Qi 

Qi2 

Qi3 

Qi4 

\ 


/ ill 

iil 2 

iil3 

iil4 

\ 

Qi2 

Q2 

Q23 

Q 24 


+ 

iil 2 

ii 2 

ii23 

ii24 


Qi3 

Q23 

Qs 

Q 34 


iil3 

ii23 

iis 

ii34 


\ Qi4 

Q 24 

Q 34 

Qa 



V iil4 

ii24 

ii34 

ii4 

/ 


( 3 . 10 ) 


and generators of ‘internal’ dynamics with 


/ Ml 

Mi2 

Mi3 

Mi4 

\ 


/ Ai 

Ai2 

^13 

Ai4 

\ 

Mi2 

M2 

M23 

M24 


+ 

A21 

A2 

^23 

A24 


Mi3 

M23 

M3 

M34 


A31 

A32 

^3 

A34 


V Mi 4 

M24 

M34 

M4 



V ^41 

^42 

^43 

A4 

/ 


where 


Qi — p'i^i + 4)/2 
Qi,j ~ P T 

while the operators representing if(4) are 

+ f)l)/2 


Hi = p\ti - c|)/2 


4 = - [)J)/2 = 0 


(3.11) 


(3.12) 


(3.13) 


^®Explicitly, choose a connection on Sp{8, R). Use it to map the completely integrable distribution 
associated with T(5'p(8/R)/17(4)) to a completely integrable horizontal distribution H C T{Sp{8, R). 
Identify the horizontal subspace with a suitable linear combination of ten mutually commuting 
generators. Conclude that a connection is required to fix a polarization. 
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Note that 


= Q 
= M 


Tjt = -n 

= -A. 


(3.14) 


As expected, a gauge picture emerges with a choice of Lagrangian subspace on 
the base manifold With the canonical choice, the CS models of {i7,M, A} 

become gauge potentials while the qij parametrize the conhguration space. Interpret 
n_ := 77 +A as ‘interaction momentum’ and Q := Q + M as ‘interaction conhguration’ 
operators. This motivates the dehnition 

Definition 3.3 The stress-energy operator T G L{'H) is defined by 

T:=\({n,nf} + {Q,Q^}) . (3.15) 

In the CS matrix picture, T is a 47V x 47V second-order partial differential operator 
where TV := dimR(>V(^)). This suggests the interpretation of the classical stress- 
energy matrix for a non-trivial system; 

Definition 3.4 The classical stress- enera'^ is defined to be 

T(g) := (3.16) 

where fjo is the ground state associated with v^_ G y\^(n)- 

For stress-energy CS eigenfunctions tt), this gives an interpretation of en¬ 
ergy; _ 

tr (+)) V-t'+.TT) =: x) . (3.17) 

A more informative object is the CS eigenfunction in the matrix picture 77) 

dehned by 

2++'‘>(Q,J7) = K"+'‘>(Q,n) (3.18) 

where is a 4 x 4 matrix with real entries and = tr(K^). This motivates the 
identihcation Dt = d/dt + iad{Q-^ilV) for the derivative operator in prop. I3.1l in the 
context of CS phase space. 

Of course, evolution will generally alter the form of Tf^'^ rendering 77) no 

longer stationary. But then one can dehne a new parabolic decomposition and retrace 
the quantization procedure to arrive at a new description of a quadratic Hamiltonian 

interesting aspect that we won’t address here is how to calculate However, taking 

a sum-over-paths approach via functional integration would seem to indicate a contribution from 
each of the five domains in the group manifold possessing the topology x . For the vacuum, 
equal contributions from each domain would appear to cancel. This issue clearly merits further 
investigation. 
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operator and its CS model of eigenstates. Needless to say, physical interpretation 
relative to the new parabolic decomposition may be highly nontrivial. 

Like the symmetric, complex, and symplectic forms; the classical stress-energy is 
actually a function of just q due to gauge covariance of the ground state. The form of 
3+ leads naturally to the interpretation that referred to a CS induced truncated 
cotangent bundle near the ground state corresponds to a stress-energy space-time 
tensor T_{q) when k G {1,3}. This is closely related to the symmetric, almost complex, 
and symplectic structures dehned on IK in subsection 13.11 and it immediately suggests 
the system Hamiltonian operator be identihed with tr(T(q')) where tr denotes the trace 
over i,j indices when it exists. 

Remark 3.1 Although this subsection dealt with pase space associated with real po¬ 
larizations, similar considerations could be applied to holomorphic polarizations. Pre¬ 
sumably, this would lead to a Segal-Bargmann holomorphic phase space construction. 

3.4 Matrix quantum mechanics 

Conspicuously absent from the elementary particle tally are the generators of 3+- This 
of course is due to the fact that their role is to parametrize CS via Z. Nevertheless, 
for time-independent H, fl2.57p implies the 3+ generators evolve according to the 
second-order operator equation 

-^l + ad\H)El{t) = 0. (3.19) 

where Ej^ := G T('H) are a set of ten operators. 

Since the Ej^it) mutually commute, consider the eigenstates Ejj^t) = Xij 
In the CS model, this becomes 

= (3.20) 

where the CS models of the operators are now N x N matrices with N = dimc(W(,i)). 
So, (I3.19P and its hrst-order equivalent (I2.57p — referred to an eigenstate basis in "H 
— looks like matrix quantum mechanics. This type of matrix equation is notoriously 
difficult to handle and yet simple enough that general qualitative information can 
be gleaned by inspection. Clearly N can grow very large for multi-particle states, 
and for macro systems taking —)■ cx) is a reasonable approximation. So off hand, 
it appears that the 3+ sector of SQM will look like a quantum membrane theory in 
10-d for multi-particle systems. 

For hrst-order f) = i f^ki 0^^ with = f), fl3.19p can be written as a Lagrangian 
density (assuming time-independent 1)) 

C,{f) = ^Tr |r (eij(t), 4(t)) + B (^ad(2'^)Cij(f), ad(i'^)Q];.(t)) } 

=: ^Tr{R(Aep,A^eL)} (3.21) 
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where B is the Cartan-Killing form on the Lie algebra, Dt := d/dt + ad(if)), and 
1)^ = t) was used in the third Jine. In particular^ suppose f) G ^ is pure ‘internal’ 
gauge, i.e. 1) G il(4). Then i) ~ with = () as required, and it follows 


from [iij, G 3+ that [dt\Jdt^ e| ] = 0. At the other extreme, if the Hamiltonian is 


‘external’ in the sense that t) ~ J2kii'^ki then [dch/dt, e 


e'f-l 


= 0 . 


The Lagrangian density yields the evolution equation for Zij as well. Obviously, 
the CS model of the evolution equation of Eij referred to the eigenfunctions is 
more complicated than simple matrix quantum mechanics. However, being mutually 
commuting, Eij possess a different eigenbasis where their evolution is governed by 
matrix quantum mechanics. The physical interpretation of such eigenstates is not 
clear: nevertheless, they may provide a possibly interesting dual picture. 

The same Lagrangian density can be used for the entire Lie algebra. 


Proposition 3.1 Let G ©p(8) and suppose i) is a time-independent, first-order 
evolution generator. The Lagrangian density that generates evolution in ©p(8) in¬ 
duced by f) is given by 


^0 W = (Agq(t), A^0L(^)) } 


(3.22) 


where B the Cartan-Killing metric on ©p(8) and Dt ;= d/dt + ad(f[)). 

Alternatively, it can be promoted to the Hilbert space and expressed in terms of 
operators Gij := p'{Qij) G LfiH) as 

Ccit) = ]^{'iljfi\DtGifit)\^ ijo) ■ (3.23) 

This suggests an analogous Lagrangian density formulation for the Heisenberg equa¬ 
tion for bounded operators = 7^)(^(0) associated with observables O G F§(G5). 

= ^(V’ol \DtO^^{t)\^ fio) . (3.24) 

Given that Sp{8, C) can be identihed with the cotangent bundle T*Q for suitable 
Q C Sp{8,R) and the fact that p{G'^) C f/(7^^^^(F§(G5))) coming from prop. 12.31 
the form of these Lagrangians begs to formulate the dynamics of SQM as Hamilto¬ 
nian mechanics of a H(4) gauge theory on a non-commutative phase space T*p{Q). 
Unfortunately, a proper treatment of this notion lies outside our present scope. 


3.5 Classical SQM 

Consider a closed and bounded quantum system in the CS phase space model. Write 
jig) — T_-\-V{g) with V{g) := — T. Assume there exist CS eigenfunctions 

= K^'0^^(g,7r) that realize a complete set of eigenstates in I-Lq with a 
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discrete spectrum (since the system is bounded). Because tr(T) ~ these eigen¬ 
functions are associated with elementary particles according to the de£nition@ Then, 
for a Schrodinger CS sate-vector, we have 

:= (g, vr; c^{t) . (3.25) 

n K 

Use the CS resolution of the identity to write 

Cn{t) = = f V’!r^^(g,7r)d<T(g,7r)t/?^(t,g,7r) . (3.26) 

JUi 

In particular, 

= [ V’Ir^\?,7r)d<T(g,7r) V>jf')(g,7r) 

JUi 

= [ V’Ir^^?,7r)P(g,7r) V;jf')(g,7r) d(g,7r) 

JUi 

(3.27) 

can be interpreted as the number density function in the spectrum space of T. Conse¬ 
quently, under suitable conditions can be interpreted as a CS distribution 

with an associated probability measure p(g, tt) := vr) cr(g, tt) \q, 

which means that tr('j/jjf^^(g, vr) P(g, vr) \q, tt)) is the number density of particle- 
type K on phase space {Q, U). 

Evidently 'ij)^{t,q,7i) is a time-dependent superposition of elementary particle 
state-vectors so it permits the notion of particle creation and annihilation. To see 
this in more detail, it is convenient to go to the interaction picture dehned by 



«P^(t,g,7r) := V’^(t, g, tt) 

(3.28) 

and 


(3.29) 

Then 


(3.30) 

and 

dOiit) 

dt 

(3.31) 

with (u/^^(t))K,K' 

:= together describe the dynamics. 



There are two observations to make. First, recall the dehnition of P(g, tt): It is 
related to the CS overlap kernel so it will be time-dependent in general. This follows 


fact, in hind sight it might be better to use this as the definition of elementary particles. 
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because the same adjoint group action that induces dynamics will potentially induce 
a change in the overlap kernel. Consequently, the particle content of g, tt) 

changes because the coefficients CK(t) are time-dependent and the particle density 
tr('i/?^^\g, tt) P(g, tt)- 0^ ^(g, tt)) can also change. A time-dependent particle density 
on phase space is in stark contrast to elementary quantum mechanics, and it owes its 
existence to the U{4) subgroup of dynamical S'p(8,M) — indeed, 17(4) singlet states 
have constant particle density since the overlap kernel is trivial in this case. 

The second observation concerns the CS model of the interaction Heisenberg equa¬ 
tion. In the eigenfunction basis, the operator is realized as a matrix that will become 
very large for many-particle systems. It is known that the commutator approaches 
the Poisson bracket in this limit. This brings us to the correspondence principle. 

Passage from the quantum to a classical phase space description via the correspon¬ 
dence principle is standard, but it yields a non-standard result. To simplify notation 
slightly, restrict to the case of f/(4) singlets; 

Proposition 3.2 Suppose the dynamics of a closed and bounded system is deter¬ 
mined by = H{Q, n) with H a self-adjoint operator that is bounded from below. 
The ‘classical dynamics ’ relative to a CS of particle-type k is expressed by matrix 
Hamilton’s equations 


dTZ^^\t) 

dt 


{7T{t),H{q{t),7z{t))}^^^ 


= {,((), H(,q(t), 7r(())}''‘' (3.32) 

With 7r('^)(t) := and := (^'il)\f'^\Q{t)and 

the ^classical’ bracked relative to the tv-type CS is defined by 


{o.6}W 


KjKt Kf Zq 



d(g,7r) . 


(3.33) 


stress that the classical bracket only approaches the Poisson bracket as the system becomes 
macroscopic. In particular, the classical bracket can be applied to mesoscopic systems characterized 
by elementary/quasi particles of K-type. 
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Proof-. This is just Ehrenfest’s theorem: 


dt 








N. 


il>P(q,jT)'P(q,jT) \n,iH(Q,n)\ d(q,TT) 


n,n J Zg 


{7r,i/(q,7r)} 


(k) 


(3.34) 


and we interpret the matrix H{q,7r) as the classical Hamiltonian. 

Recall that the induced representation was built from Lf{Z) equivariant p-forms 
so the CS are properly normalized and the integral well-dehned (assuming the eigen¬ 
functions are indeed a complete set). □ 


Evidently the classical object is a symmetric 4x4 matrix of momenta, and 

the classical equations reduce to Hamilton’s equations under special conditions. For 
example, consider a system with ground state -ipo and suppose k = {1,3}. Assume 
the evolution is ‘mild’ in the sense that "0^^ (g, tt) is annihilated by the off-diagonal 
components of Q and U. Then (13.341) reduces to standard Hamilton’s equations 

, z G (0,1, 2, 3} 

{q,{t),H{q,p)}^'^K (3.35) 

Now dehne the system conhguration space Q to be the spectrum Q := a(C^ Let P 
denote the spectrum cr(IT) and construct the associated classical phase spacqfj QxV. 
A trivial remark that should be stressed is that a generic classical phase space will 
not be a smooth manifold. If it is smooth, equip Q with the metric {rjij) and identify 
evolution-time with proper time poQ. Then (I3.35p can be interpreted as Hamilton’s 
equations on the classical 4-d space-time cotangent bundle T*Q := QxV. 

With these notions of momentum and force dehned on T*Q, the Boltzmann equa¬ 
tion for a CS probability distribution obtains as the classical reduction of the Heisen¬ 
berg equation for the density operator p. Explicitly, 


dpt\t) 

dt 

dt 


d/('")(g,7r;t) dp^^\t) 

dt dt 


tr {p,if(g,7r)}^''^ 


(3.36) 


where now H = H{q,T^) is a function of the ‘interaction’ position and ‘interaction’ 
momentum which includes the U{4) contribution to T and presumably encodes the 

^^Note that the phase space will not be a cotangent bundle in general. 
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classical body forces. However, more interesting than this scalar fnnction eqnation is 
the 4x4 matrix Boltzmann eqnation 


—— = {p,H{q,7L)\ ■ (3.37) 

We do not pursue it here, but off-hand it appears to include independent linear 
and rotational classical degrees of freedom. In particular, for quasi particles of a 
meso/macroscopic systems, perhaps the matrix Boltzmann equation provides a handle 
on vortex dynamics. 


4 Conclusion 

There are three main pillars of SQM; dynamical Sp (8, M) to govern evolution, a co¬ 
herent state arena for observation and interpretation, and a vacuum with memory 
that records external interactions. Remind that we also expect S'0(9,M) to describe 
some physical systems, but the implications were not pursued here. We also sus¬ 
pect Sp{2n,'R) and SO{2n + 1,M) for n < 4 may be relevant symmetries for some 
highly ordered meso/macroscopic systems. (There is obviously plenty of motivation 
to also consider OSp{9,8), and one can see some remarkable similarities to certain 
conjectured M-theory constructs [33] in this case.) 

A rather obvious decomposition of ©p(8,M) hints at the possibility of a nontriv¬ 
ial internal /external symmetry unihcation. According to our interpretation of the 
algebra decomposition, space-time intervals will be expectation values of quantum ob¬ 
servables and Poincare will be a limiting symmetry. In consequence, meshing Poincare 
with gauge quantum mechanics is not an issue, and the no-go theorem regarding mix¬ 
ing internel/Lorentz symmetries does not apply. In a nutshell, our proposal is to re¬ 
place relativistic quantum mechanics with symplectic quantum mechanics; eventually 
including S'0(9,M) and perhaps OSp{9,8) as a portal between the two. 

Dehning the symplectic quantum theory more or less follows standard quantum 
mechanics except that the group determines both observables associated with inter¬ 
nal degrees of freedom and the kinematic observables usually associated with phase 
space — and the commutation relations among them. The theory is quantized by 
constructing the Hilbert space from induced representations and using the functional 
Mellin transform to transfer the algebra of observables to the operator algebra on the 
Hilbert space. 

It is signihcant that the dynamics of these observables is governed by the same 
group they help generate. In fact, for any dynamical evolution of a system, ^ will 
in general change according to the adjoint group action. From this perspective, it 
is natural to guess that the ten generators contained in 3- have something to do 
with inertia. Similarly, the ten generators comprising 3+ appear to represent 10-d 
conhguration space that we interpret as four linear dimensions and six directed-area 
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‘dimensions’ll These momentum-type and position-type operators will not remain 
static in general. It is tempting to interpret this as quantum gravity — as least 
as a toy model. Moreover, the it(4) subalgebra contains 16 gauge bosons. Again 
it is tempting to compare the 9-1-1 bosons coming from t/(4) D U{3) x U{1) with 
the SU{3) X U{1) of the Standard model and the remaining 6 with broken SU{2) 
massive gauge bosons and their anti-particles. There is, of course, an excess of one 
(supposedly massless) gauge boson. 

The coherent state model facilitates physical interpretation, so it would be sat¬ 
isfying to develop the CS model of the dynamics as Hamiltonian mechanics on a 
non-commutative phase spacejfl Off hand, a functional integral approach seems to 
be indicated: but it properly deserves a detailed study and so was not included in this 
paper. Presumably, such a model looks similar to a QFT-like gauge theory on Z but 
with important differences; the most obvious being no a priori Poincare symmetry 
and an adjustable vacuum. In consequence, the model is not space-time local, but it 
is Z local. Also, complicated dynamics relative to a simple vacuum and associated 
CS can be rendered simple dynamics by a judicious choice of a complicated vacuum 
and associated CS — complicated in the sense that the inducing parabolic subgroup 
obscures the physical interpretation in terms of elementary particles/helds. Less ob¬ 
vious but equally important is the fact that the coherent states can be expanded in 
a basis given by the discrete series representation(s): Hence, the CS model would 
enjoy an interpretational advantage while the discrete series would supply a proper 
mathematical definition. 

There is a growing consensus in recent years that space-time is emergent in some 
sense and matrix models are perhaps more fundamental than Yang-Mills QFT (for a 
review see [M])- It is remarkable that the fairly simple-minded symplectic quantum 
mechanics leads naturally and unambiguously (modulo the initial choice of dynamical 
group) to similar notions. It is likely that quantum mechanics based on the sister 
group S'0(9,M) and parent group OSp{9,S) have more surprises in store. 
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^^There are clearly implications regarding entropy content and transfer if a volume element in a 
4-d space can be characterized by the six directed-area ‘dimensions’ — especially if their associated 
observables encode vortex-like dynamics. 

would likely be fruitful to also develop a perturbative symplectic bosonic string theory in the 
matrix picture employing Barut/Girardello-type CS. 
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